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Abstract
We study an N -body Calogero model in the SN -symmetric subspace of the
positive definite Fock space. We construct a new algebra of SN -symmetric
operators represented on the symmetric Fock space, and find a natural orthog-
onal basis by mapping the algebra onto the Heisenberg algebra. Our main
result is the bosonic realization of nonlinear symmetry algebra describing the
structure of degenerate levels of Calogero model.
The Calogero model [1] describes a system of N bosonic particles on a line interacting
through the inverse square and harmonic potential. It is completely integrable in both
the classical and quantum case, the spectrum is known and the wave functions are given
implicitly. The model is connected with a host of physical problems, ranging from condensed
matter physics to gravity and string theory, so there is considerable interest in finding the
basis set of orthonormal eigenfunctions, and the structure of the dynamical algebra that
characterizes the eigenstates of the system.
Investigations of the algebraic properties of the Calogero model in terms of the SN -
extended Heisenberg algebra [2] defined a basic algebraic setup for further research. For the
Sutherland model [3] (a version of the Calogero model with periodic boundary conditions),
the orthonormal eigenfunctions in terms of Jack polynomials [4] were constructed [5]. The
authors of Ref. [6] showed that the dynamical symmetry algebra of the two-body Calogero
model was a polynomial generalization of the SU(2) algebra. The three-body problem was
also treated [7], and the algebra of polynomial type and the action of its generators on the
orthonornal basis were obtained. It was shown that in the two-body case the polynomial
SU(2) algebra could be linearized, but an attempt to generalize this result to the N -body
case led to (N−1) linear SU(2) subalgebras that operated only on subsets of the degenerate
eigenspace [8]. The general construction of the dynamical symmetry algebra was given in
Ref. [9]. It was shown that algebra is intrinsicaly polynomial, and examples for lower N
were provided, showing how everything could be computed in detail. However it would
be interesting to determine the proper elements labelling the energy eigenstates and find




In this letter we define the physical SN -symmetric Fock space in terms of the minimal
number of SN -symmetric operators, and find the minimal set of relations which define the
corresponding algebra AN(ν) of operators fAk, Aykg. We construct a mapping from ordinary
Bose oscillators satisfying the Heisenberg algebra to operators fAk, Aykg, and vice versa, for
ν > −1/N . This mapping induces a natural orthogonal basis in SN -symmetric Fock space,
labelling the energy eigenstates in terms of free oscillators quantum numbers. Finally, we
construct a symmetry algebra describing the structure of degenerate eigenspace, in terms of
ladder operators build out of bosonic oscillators.
















(xi − xj)2 . (1)
For simplicity, we have set h¯, the mass of particles and the frequency of harmonic oscillators
equal to one. The dimensionless constant ν is the coupling constant (and/or the statistical
parameter) and N is the number of particles. The ground-state wave function is, up to
normalization,










θ(x1, . . . , xN) =
N∏
i<j
jxi − xj jν, (3)
with the ground-state energy E0 = N [1 + (N − 1)ν]/2.




(−Di + xi), ai = 1p
2
(Di + xi), (4)
where




xi − xj (1−Kij)
are Dunkl derivatives [10], and the operator ai annihilates the vacuum. The elementary
generators Kij of symmetry group SN exchange labels i and j:
Kijxj = xiKij , Kij = Kji, (Kij)
2 = 1,
KijKjl = KjlKil = KilKij, for i 6= j, i 6= l, j 6= l, (5)
and we choose Kijj0i = j0i. One can easily check that the commutators of creation and
annihilation operators (4) are













δij − νKij . (6)
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After performing a similarity transformation on the Hamiltonian (1), we obtain the reduced
Hamiltonian








ayiai + E0, (7)
acting on the space of symmetric functions. We restrict the Fock space fayn11   aynNN j0ig to
the SN -symmetric subspace Fsymm, where N = ∑Ni=1 ayiai acts as the total number operator.
In the following we demand that all states have positive norm, i. e., ν > −1/N [11]. Next,




ani , n = 0, 1, . . . , N, (8)
where B0 is the constant N multiplied by the identity operator, and B1 represents the
center-of-mass operator (up to the constant
p
N). The complete Fsymm can be described as
fByn11 Byn22   BynNN j0ig. Note that [B1, Byk] 6= 0, hence we wish to construct the operators
Xyk, such that [B1, X
y
k] = 0 for every k larger than one, in order to separate the center-of
mass coordinate. The simplest choice of (N − 1) operators commuting with B1 is







, n = 2, . . . , N. (9)
The symmetric Fock space Fsymm is now fByn11 Ayn22   AynNN j0ig and after removing B1 it
reduces to the Fock subspace fAyn22   AynNN gj0i. We have reduced the problem to (N − 1)
Jacobi-type operators. However, two different states Ayn22   AynNN j0i and Ayn
′
2








in0i) are not orthogonal. For example,
h0jA23Ay32 j0i = h0jA32Ay23 j0i =
144
N
(N − 1)(N − 2)(1 + νN)(2 + νN). (10)
The total number operator on Fsymm splits into












Note that Nk are the number operators of Ayk but not of Ak. Namely, [Nk, Ayl ] = δklAyk, and
Nk(  Aynkk    j0i) = nk(  Aynkk    j0i) for every k larger then one, but N yk 6= Nk. If Nk
were hermitian, then the eigenstates Ayn22   AynNN j0i would be orthogonal, and vice versa.
Let us discuss the AN(ν) algebra of the collective SN -invariant operators Ak defined in
Eq.(9) and acting on Fsymm, with additions of A0 = N  1I, A1 = 0. It is obvious that




n] = 0, 8m,n,
[Ai, [Aj, X
y]] = [Aj, [Ai, Xy]], 8i, j, any Xy. (12)
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is an SN -symmetric, normally-ordered operator, where c1  mn is different from zero and
does not depend on ν. The symbolical expression (
∏O)k denotes a product of operators Oi
of the total order k in ai(a
y
i). Hence, the structure of the AN(ν) algebra is of the following
type:
[Ai1 , [Ai2 , . . . , [Aij , A
y












A)I−j in ai of order I − j with coefficients independent of
ν. The term AI−j on the r.h.s. of Eq.(14) appears with the coefficient (
∏




−N linearly independent relations (14). Specially, we find
[A2, [A2, . . . [A2︸ ︷︷ ︸
n
, Ayn] . . .] = 2
nn!An . (15)
Note that any An, n > N can be algebraically expressed in terms of Am, m  N . For
example, A4 = 1/2A
2
2, A5 = 5/6A2A3 for N  3. The algebra AN(ν) can be expressed in
terms of 2(N − 1) algebraically independent operators.
For general N , the AN(ν) algebra of collective SN -symmetric operators (9) completely
determines the action of Ak, k  N on any state:
AkA
yn2




for k  ∑ni, reducing it to the states with k > ∑ni. For k > ∑ni, one calculates the
finite set of relations from (9) and (6), directly. Hence, the AN(ν) algebra is closed in the
sense of the successive commutation relation (14), finite and of polynomial type. Note that
the action of AiA
y












, 8i, j. (17)
Applied to a monomial state of the finite order N in Fsymm, only the finite number of terms
in Eq.(17) will contribute.
The algebraic relations, Eq.(14), are independent of ν and are common to all sets of
operators fAk, Aykg, with k = 2, 3, . . . , N , satisfying




j ] = 0, [Ni, Ayj ] = δijAyj. (18)
Two different sets of operators A(ν) and A(µ), satisfying the same algebra (14), differ only in
the generalized vacuum conditions for k >
∑
ni. Therefore, we denote the common algebra
of operators fAk, Aykg by AN , and its representation for a given ν > −1/N by AN(ν).
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Let us illustrate this by the N = 3 case. The minimal set of relations which define the









[Ai, [A2, [A3, A
y
3]]] = 6iAiA2, i = 2, 3,
[A2, [A2, [A2, A
y
3]]] = 48A3,








plus generalized vacuum conditions
A2j0i = A3j0i = A2Ay3j0i = A3Ay2j0i = A3Ay22 j0i = 0,
A2A
y





3j0i = 2(2 + 3ν)(4 + 3ν)Ay2j0i, A3Ay23 j0i = 2(2 + 3ν)(11 + 6ν)Ay3j0i. (20)
This algebra Eq.(19) with the vacuum conditions (20) has a unique representation on Fsymm.
Using Eqs.(19) and (20) one finds the action of operators A2 and A3 on any state in the
Fock space:





jn2 + 2, n3 − 2i+ 4n2(3n3 + n2 + 3ν)jn2 − 1, n3i,
A3jn2, n3i = 2
(



























jn2 + 3, n3 − 3i. (21)
The ket jn2, n3i denotes the state Ayn22 Ayn33 j0i.
The general structure of the AN(ν) algebra can be viewed as a generalization of triple
operator algebras [12] to (N + 1)-tuple operator algebra. For N = 2, the A2(ν) algebra
is just [A2, [A2, A
y
2]] = 8A2 for a single oscillator A2 = (a1 − a2)2/2 describing the relative
motion in the two body Calogero model.
We point out that if the set of operators fAk, Aykg satisfies relations (18) there exists a
mapping Ai = f(bi, b
y
i ) from ordinary Bose oscillators fbi, byig to fAk, Aykg. If there are no
null-norm vectors in the fAg Fock space, there exists the inverse mapping bi = f−1(Ak, Ayk).
The mapping f(f−1) is real, if there are no negative-norm states, otherwise it is complex
[11].
In our case of interest, namely in the AN (ν) algebra, we have started with positive-norm
states, i.e., ν > −1/N , so there exists a real mapping f and its inverse f−1. In general, one





















and then calculate the coefficients. There is a ”gauge” freedom in mapping (22), which




by)N ) of the same order N .



























)n3   (∏ by2    byN)nN j0i. (24)
Only after fixing this gauge freedom one can determine the coefficients in Eq.(22) in the
unique way. For the N=3 case, we present results for the first few coefficients in Eq.(22), up
to k + n  5, for the operators A2 and A3:
A2 = 2
p
1 + 3ν b2 + 2
(p











2(1 + 3ν)(2 + 3ν) b3 +
(√
2(4 + 3ν)(2 + 3ν)−
√
2(1 + 3ν)(2 + 3ν)
)
by2b2b3, (25)
and similarly for hermitian conjugates. The inverse mapping exists for ν > −1/3, and all










































The states in the fAg Fock space are not orthogonal. However, monomial states∏
bynii /
p
ni!j0i in the fbg Fock space are orthogonal, so when we express bi = f−1(Ak, Ayk),
we obtain a natural orthogonal states in the fAg Fock space, labelled by (n2, . . . , nN), i.e.,
by free oscillators quantum numbers. Degenerate, orthogonal energy eigenstates of level N






























3(1 + 3ν)(2 + 3ν)(1 + ν)
Ay32 j0i,
6
by23 j0i = α
(





2(1 + ν)(1 + 3ν)(2 + 3ν)[(1 + ν)(2 + 3ν)(11 + 6ν)− 2]. (27)
The dynamical symmetry algebra CN (ν) of the Calogero model is defined as maximal
algebra commuting with the Hamiltonian (7). The generators of the CN (ν) algebra act
among the degenerate states with fixed energy E = N + E0, N a non-negative integer.
Starting from any of degenerate states with energy E, all other states can be reached by
applying generators of the algebra. Degeneracy appears for N  2. The vacuum j0i and the
first excited state By1j0i are nondegenerate. For N = 2, the degenerate states are By21 j0i and
Ay2j0i; for N = 3, the degenerate states are By31 j0i, By1Ay2j0i and Ay3j0i, etc. The number of
degenerate states of level N is given by partitions N1, . . . ,Nk of N such that N = ∑k kNk.
The generators of the algebra CN(ν) can be chosen in different ways, and in the following we
present a new and very simple bosonic realization of the dynamical algebra. The generators




i(N1 − 1)    (N1 − i+ 1)
byi1 bi,
J −i = byibi1
1√














One can express the generators J ,0i in terms of fAk, Aykg using second relation in (22), for
all ν > −1/N . The coefficients in expansion depend on the statistical parameter ν. The
generators fJ i ,J 0i g satisfy the following new algebra for every i, j = 2, . . . , N :[














N1(N1 − i+ j)
N1 + j










j J +i = 0,
[
J 0i ,J 0j
]
= 0, (29)
Note that the generators J +i and J −i are hermitian conjugate to each other, and that rela-
tions (29) do not depend on ν. The CN algebra contains (N − 1) linear SU(2) subalgebras.
Different SU(2) subalgebras are connected in a nonlinear way, namely, commutation rela-
tions (29) have nonlinear (algebraic in N1) deformations.
The states with fixed energy E = N are given by ∏Ni=1 bynii /pni!j0i with ∑Ni=1 ini =
N . These states are orthonormal and build an irreducible representation (IRREP) of the
symmetry algebra CN .
The dimension of the IRREP on the states with fixed energy N of the algebra CN can
be obtained recursively in N :
D(N , N) =
[N/N ]∑
i=0
D(N −Ni,N − 1).
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For example, for N = 1, D(N , 1) = 1, i.e., for a single oscillator, there is no degeneracy; for




+ 1, N  0; for N = 3,











More specifically, for N = 6n+ i, for some integer n and i = 0, . . . , 5:
D(6n+ i, 3) = (3n+ i)(n + 1), for i = 1, . . . , 5,
D(6n, 3) = 3n(n+ 1) + 1.
The structure of the IRREP’s of dynamical symmetry for N = 4 is
by41 j0i by21 by2j0i by1by3j0i by22 j0i by4j0i










The corresponding generators are byibj , and [H1, b
y







ni!j0i with ∑i ni = N . They form a totally symmetric IRREP of
SU(N) described by the Young diagram with N -boxes ...︸ ︷︷ ︸
N
[13].
The states of the same Fock space f∏i bynii /pni!j0ig are differently arranged in represen-
tations of SU(N) and CN algebra. In respect to H1, degenerate states are organized into
the SU(N) ...︸ ︷︷ ︸
N
symmetric IRREP’s. However, in respect to H2 = H




ibi, with Ni 6= byibi, degenerate states build the N -IRREP of the CN algebra. In this
sense, one can (formally) say that the nonlinear dynamical algebra CN of the Hamiltonian
H2 is related to the boson realization of SU(N) algebra describing the dynamical symmetry
of the Hamiltonian H1.
We have studied the Calogero model in the harmonic potential for N identical bosons.
We have started with the Fock space of states with positive definite norms, and restricted
ourselves to the subspace of all symmetric states. After separating the center-of-mass coor-
dinate, we have concentrated on the space fAyn22   AynNN gj0i of operators fAk, Aykg. There
exist number operators Nk that are not hermitian, since the monomial states in Fock space
Fsymm are not mutually orthogonal. The action of the operators Ak on the states in Fock
space can be calculated using successive commutators defining the algebra AN(ν), and gen-
eralized vacuum conditions. We have shown that there exists a mapping from ordinary Bose
oscillators to operators fAk, Aykg, and its inverse, provided that ν > −1/N . In that way we
obtained a natural orthogonal basis for SN−symmetric Fock space. Finally, we constructed
a symmetry algebra describing the structure of degenerate eigenspace, in terms of ladder
operators build out of the bosonic oscillators. This bosonic realization of the symmetry alge-
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